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Chapter 8

U-Statistics Based on Higher-Order Spacings

David D. Tung and S. Rao Jammalamadaka,

ALEKS Corporation, Irvine, California, and University of California,
Santa Barbara

In this paper, we investigate the asymptotic theory for U-statistics based
on higher-order sample spacings. The usual asymptotic theory for U-
statistics does not fully apply here because spacings are dependent vari-
ables. However, under the null hypothesis, the higher-order spacings
can be represented by conditionally independent Gamma random vari-
ables. We exploit this idea to derive the relevant asymptotic theory both
under the null hypothesis Hg : FF = Fp and under a sequence of close
alternatives.

The generalized Gini mean difference of the higher-order sample
spacings is a prime example of a U-statistic of this type. It is found
that the Gini mean squared difference test based on these higher-order
spacings is the asymptotically locally most powerful test in this class,
and has the same efficacy as the generalized Greenwood statistic based
on the sum of squares of the higher-order spacings.
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L. Introduction

e basic goodness-of-fit problem consists of testing whether a given data
ﬁ‘ts a specified distribution. In particular, consider independent and
1(1%111_;: distributed random variables X1, Xs,..., Xn—1 from a contin-
distribution function F defined on the real line R. In the statistical
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literature, much attention has been devoted to the nonparametric problem
of simple goodness-of-fit, namely testing the null hypothesis

Hy : F(z) = Fyo(x),

where Fy is a completely specified distribution function.

If I is assumed to be continuous as we shall do, by way of the probability
integral transform, the support of F' reduces to the unit interval [0,1],
and this also permits us to equate Fy with the Uniform([0, 1]) distribution.
Thus, the goodness-of-fit problem reduces to one of testing uniformity, i.e.
testing the null hypothesis

Hy:F(z)=2 - I1(0 <z <1).

Let X(l),X(g),...,X(ngl) denote the sample order statistics. Put
Xy = 0 and X,y =1, s0 that 0 = X(o) < KXy < Xy £ < K1) <
Xy = 1. The higher-order sample spacings are defined by the random
variables

D™ = Xgmy = X(o—tymy,  fork=1,2,...,N=|n/m}. (1)

If F is the Uniform([0, 1]) distribution, as under the null hypothesis, we use
the notation {Uy} for the sample observations and

T = Ugy = U—tymyy~ for k=1,2,...,N=|n/m]  (2)

for the higher-order uniform spacings. When m = 1, then {D,gl)} or simply
{Dy} are called the sample spacings, and likewise {T,gl)} or simply {7k}
are called the uniform spacings. Tests based on higher-order spacings are
studied here for testing the null hypothesis. Since we are mainly inter-
ested in asymptotic properties, we assume that N = n/m, without loss of
generality.

Let h : [0,00) x [0,00) — R be a symmetric function in its arguments
satisfying some regularity conditions. Consider the general test statistic

Walh) = gy Do PeDi D) 3)
1<i<j<N

which is a second-order U-statistic of the higher-order sample spacings and
symmetric in the pairs (DE;:),DJ(-Z?).
statistic is the generalized Gini mean difference of the higher-order sample
spacings, i.e.

An important example of such a

2 r
wir) N(N —1) 1<i<j<N "im’ — "D rl @
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which is an average of absolute pairwise differences of the higher-order
sample spacings to the 7** power. The special case of Gy (1) is the Gini
mean difference higher-order spacings test, and the special case of Gn(2)
will be called the Gini mean squared difference higher-order spacings test.
On the other hand, symmetric sum-functions of the higher-order spac-
ings, i.e. general test statistics of the form

N
Vn(g) = % Y9 (nD;(J?) , (5)
k=1

where g(+) isa real valued function satisfying some regularity conditions, are
symmetric in {D }, and can also be thought of as first-order U-statistics
of the higher-order sample spacings.

For the special case of m = 1 where N = n, note that the general test
statistic Wy (h) reduces to

Walh) = ————=~ > h(nDi,nDy) (6)

n(n — 1) 1<i<j<n

and the general test statistic Viy(g) reduces to

. > g(nDy). (7)
k=1

3

Likewise, the statistic Gy (r) reduces to

&) = ﬁ S Di-nDi, >0 (®)
1<i<j<n

the generalized Gini mean difference of the sample spacings.

The generalized Gini mean difference spacings test G, (1) was proposed
in Jammalamadaka and Goria (2004) for testing goodness-of-fit. There they
derive both the exact and asymptotic distribution of Gy, (1) under the null
iypothesis, and show that it has good performance based on Monte Carlo
;awers More generally, the asymptotic theory for W, (h) has been studied
Tung and Jammalamadaka (2010). They show that the asymptotically
._ﬁﬂll_y most powerful (ALMP) test for U-statistics based on the spacings
the Gini mean squared difference spacings test

Gn(2) = Z Z (nD; — nD;) (9)

h_l'ch corresponds to the classical Greenwood statistic = Y °p_; (nDg)?
on the sum of squares of the spacings. The importance of the
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Greenwood statistic is somewhat justified in view of the result established
in Sethuraman and Rao (1970) that among the class of symmetric sum-
functions of the spacings, i.e., for V,,(g), the Greenwood statistic is the
ALMP test.

There are asymptotically more efficient procedures than the Greenwood
statistic if one takes into consideration test statistics based on higher-order
spacings. Del Pino (1979) showed that among the class of symmetric
sum-functions of the higher-order spacings, i.e., for Vy(g), the generalized
Greenwood statistic, i.e., 4 Zszl(nD,(J;))z based on the sum of squares
of these higher-order spacings is the ALMP test, and asymptotically more
efficient than the classical Greenwood statistic.

One perceived weakness of symmetric spacings tests is that they cannot
discriminate alternatives converging to the null hypothesis at a rate faster
than n~ /4, and hence have poor asymptotic performance as compared to
say the Kolmogorov—Smirnov test.

The asymptotic distribution for second-order U-statistics of the higher-
order spacings under the null hypothesis is studied in the next section.
Section 3 deals with their asymptotic behavior under a sequence of close
alternatives. Section 4 contains results on the ALMP test for the class of
U-statistics of the higher-order sample spacings.

2. The Asymptotic Null Distribution

In this section, we obtain the asymptotic distribution for second-order U-
statistics of the higher-order uniform spacings, i.e., general test statistics of
the form

2
Wy(h) = ——= (m) p(m)
b =gy lgiéjﬂ/z(rbzrm L) (10)

under the null hypothesis. Since we are only interested in asymptotic prop-
erties, we shall assume that N = n/m, without loss of generality, and
increases to infinity while m is fixed. Under the null hypothesis, the higher-
order uniform spacings have the well-known conditional representation

(anz),nng),...,nT,g’;)) ~ (Sl,sz, ., SN ' Sy = m> , ()
where 51, Ss,..., Sy are independent Gamma(m, 1) random variables (cf.

with Sobel and Wells (1990) and Rao and Sobel (1980)). Note that for
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m = 1 where N = n, this reduces to

(nTl,nTz,,..,nTn) o= (Zl,Zz,.‘.,Zn

7, - 1) , (12)

which is a conditional representation of the uniform spacings in terms of
independent Exponential(1) random variables Z;, Z, ..., Z,. Here as else-
where, we use ~ to denote the distributional equivalence of quantities on
the left and right hand sides of the symbol.

There are at least two known approaches to deriving the asymptotic
null distribution. One approach is by applying a conditional limit theorem
for U-statistics due to Holst (1981, Theorem 6.2). A second approach is
py way of the well-known Hoeffding decomposition for U-statistics, which
connects the asymptotic theory for U-statistics of the higher-order uniform
spacings with the asymptotic theory for symmetric sum-functions of the
higher—order uniform spacings.

Let

Uv = D h(85) (13)

1<'L<]<N

be a second-order U-statistic based on the independent Gamma(m, 1) ran-
dom variables S1,5, ..., SN, where the kernel h : [0, 00) X [0,00) = R is a
symmetric function with Var[h(S1, S2)] < oco.

For the case of independent and identically distributed random vari-
ables, the Hoeffding decomposition (cf. Lee (1990, Sec. 1.6)) asserts that
a U-statistic of order k is a linear combination of uncorrelated U-statistics
of order 1,2,...,k. The case for k = 2 has been most studied and best
understood. We state the Hoeffding decomposition for Uy in the following.

Lemma 1. The Hoeffding decomposition of Un has the form

N
2 2
Un = ol (1) - ° (g g.
N 0+N§ h (Sk)+N(N_1) 2 h'9(8i, S;) (14)
k=1 1<i<j<N
where
6 = E[h(Sy, S2)]

9(t)
(1)( t)
h@ )(31 82)

E[h(t, Sz)] E[h(S1,S2)| 51 = t]
g(t) —
h(s1, 52) g(s1) — g(s2) + 6.

l |
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Moreover, the normalized U -statistic
N

VN Uy — ) Z (Sg) — 0] + NY2Ry (15)
k;:

where

N'?Ry =

_ 2N S h®(S,,55) = op(1). (16)

N(N -1) 1<i<j<N

The following result provides some useful identities for the expecta-
tions, variances, and covariances of the U-statistic kernels in the Hoeffding
decomposition.

Lemma 2. Let 51,52 and S3 be independent Gamma(m, 1) random vari-
ables, and let g be defined as in Lemma 1. Then

E[h(S1, S2)] = E[g(S1)]
Cov[h(Sy, 52), h(S1, 53)] = Varlg(S1)]
Coufh(S1,52), 51] = Coulg(S1), 5]
Cou[h(S1, S2), (51 — m — 1) 4 (S3 —m — 1)?]
=2 Cov[g(S1),(S1 —m —1)?].
The next result gives the asymptotic null distribution for symmetric

sum-functions of the higher-order uniform spacings (cf. with Del Pino

(1979)). We use the notation Nj(u,0?) to denote the one-dimensional

Normal distribution with mean p and variance 2.

Lemma 3. Under the null hypothesis, in the limit as N — oo,

Z (T ) — Eg(S1)] 2 N1(0,0%(g)) (17)

where

Cor’[g(51), 5]
Var{S,]
The next result gives the asymptotic distribution for U-statistics based

on the higher-order uniform spacings under the null hypothesis.

o?(g) = Varlg(S1)] — (18)

Theorem 1. Under the null hypothesis, in the limit as N — oo,
2
VN[ o > hnIi?, nT) —ER(S1, 85)] | 2 Ni(0,02(R)),

N(N 1) 1<i<j<N "
(19)
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where
o2(h) = 4(0? — o3y
o} = Covlh(S1, S2), h(S1, Ss)]

2 001)2[}7,(51,52),51]
712 = Var|S1] )

Proof. By Lemma 1, and the conditional representation of the higher-order
uniform spacings (11), we have

2
VN | s N (T T ) — ER(S1, $5)]
N(N —1) 1<i<j<N ’

VN(Uy —6) }S*N = m>

~

[N]

12

N
(ﬁ kZI[Q(Sk) — Eg(Sl)] ’ S'N = m> + Op(l)

2
N

~

N
S lg(nT ) — Eg(S1)] + op(1) 2> Ni(0,40%(g)).
k=1

2l

The convergence in distribution to the Ni(0,40%(g)) distribution follows
from Lemma 3 and Slutsky’s Theorem. By Lemma 2, the asymptotic vari-

ance
Cov?[g(51), S
10(g) = 4 (Varlg()] - LRI a0t~ o) = o). (20
This completes the proof. O

3. The Asymptotic Distribution Under a Sequence of Close
Alternatives

In this section, we derive the asymptotic distribution for second-order U-
statistics of the higher-order sample spacings under a sequence of close
alternatives. In order to study asymptotic efficiencies, one needs to ob-
tain the asymptotic distribution of test statistics under a sequence of close
alternatives (also called smooth alternatives), which converges to the null
.hypothesis. Thus, we specify the alternative hypothesis by a sequence of
distribution functions {F.(z) : n > 1} that converges to the Uniform([0, 1])

distribution function, which corresponds to the null hypothesis, in the limit
88 n - oo.
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For symmetric spacings tests, the appropriate sequence of close alter-
natives (cf. with Sethuraman and Rao (1970) and Rao and Sethuraman
(1975)) is obtained by letting the distribution function

Ln(z)
F.(z) =2+ —>~ gy for0<z<1 (21)
where L, (0) = L, (1) = 0. We further assume that L, (z) is twice differen-
tiable on the unit interval [0, 1] and that there exists a function L(z) which

is twice continuously-differentiable with L(0) = L(1) = 0 and

n'* sup |Ln(z) — L(z)| = o(1)

0<z<1

n** sup |L;,(x) - U(z)| = o(1)
0<z<1

n'* sup |Li(x) —1'(z)| = o(1),
0<z<1

where {(z) and I'(xz ) are respectlvely the first and second derivatives of
L(z). Note that L(z) = [ {(u) du and fo )du = 0 by the fundamental
theorem of calculus

The next result gives, under a sequence of close alternatives, the asymp-
totic distribution for symmetric sum-functions of the higher-order spacings
(cf. Del Pino (1979)).

Lemma 4. Under the close alternatives (21), in the limit as N — oo,

[g(nD)) — Eg($1)] 2 Ny ((g), 02(g)), (22)

Mz

1
ka:l

where

we) =5 ([P () ) Conig(3), (55 —m — 1)}

Cov?[g(Sy), S1]

o?(g) = Varlg(S1)] — Var[S1]

Let 0 =& < & < & <+ <&, < €yy1 = 1 form a partition of the
unit interval [0, 1], where

k
gk_T’ for k=0,1,2,...,N +1.
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Under the close alternatives, the higher-order spacings {D,(;:L)} are re-
lated to the uniform spacings {T,Sﬁ)} by the relation

nD{™ = n[F; (Ugkmy) — F MU o—1ym)))

- 2 ’
- nT’gz) + < ,nl/fil;) + [ (gk) +nlll/(§k)l (€k)> (nTIEZ)) + Op(n_l/z)

(23)

where op(-) is uniform in k. This follows from the mean value theorem for
differential calculus and a continuity argument found in Rao and Sethura-
man (1975).

We assume that h : [0, 00) %[0, 00) — R is a symmetric function with first
and second-order partial derivatives. We use the notation h;(z,y) = % and
hy (2 y) = g—z to denote the first partial derivatives of h, and use hq,(z,y) =

2
%i—’;, hyy(z,y) = g—y’; and hgy(z,y) = ’58:7}2, to denote the second-order

partial derivatives of h.
By using (23), we prove the following.

Lemma 5. Under the close alternatives (21), in the limit as N — oo,

2N S (h(nD, nD) — nTE, w7

NIV —1) 2 P
—1/2 7 g1
p, T , </ 1 (u) du) . Coulh(Sy, 82), (S1 — m — 1) + (S — m — 1)2].
0

(24)

Proof. Using (23) in a two-dimensional Taylor expansion of h(angz),

'nDﬁ?) around h(nTi(:n" ), nTj(g: )) and summing over all 1 < j gives

2VN - ) o
N(N-1) > [h(nD{ 0D — R(nT ), nTi)]
1<i<j<N
Im~ /4 N1/ N . i
- —m Z l(fi)(nTi(m)) hz(nTi(m),nTj(m))
1<i<j<N
om~l/AN1/4 N . i
| -_]\_](_JVT Z l(é-])(nTJ(m)) h’y(nTz(m )> nTj(m))
1<i<j<N
2m—1/2

—— , YT (m) (m) (m)
Ry 1SKZjSN[l2<a) + LEN @ (Tin?) ha(nTi? nT57)
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,—1/2
s > IPE) + LEN ENN T hy(n T, nT )

NN-1) 2,
+ J\f(;;r_fn 1SK§;§Nl(&)l(é‘j)(n:r},?)(nz;(g)) Ry (RT, T
* R 2 PETEN hen(nT T 10)
+% > PG TS by (TS, nT) + 0p (1),

1<i<j<N

The composite trapezoid rule asserts that there exists a number ¢ €
(0,1) for which

! 1 & (c)
= - 2
/0 leide= prrs kzll(g’“) 12(N + 1)2 (25)
Since we have
N 1 1/4 qn
. i N4 (c)
/4y~ . e s N
N8, <N+1 kzz M) /0 Hw) d“) N TN e %

(26)
then the first two terms on the RHS of (24) converge in probability to zero.
Since (nTi( ™) T(m)) — (81,52), as n — oo, observe that both

2m—1/2

NN D 2 6+ LEN )T he (nT T )

1<i<i<N

D m V2 B[S; hy (1, )] / | [1%(z) + L(z)l' ()] dz = 0

and
2m—1/2
T 12(¢, LIEN (€. T(m) h T(m) T(m)
N(N —1) IS%:SN[ (&) + LEHV (€N (T ) by (nT ), nTym?)

5 m 2 Bl (8, 52) [ 1B) + L)) dy =

because from integration by parts

/01 L{u)l / 1?(u) du
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Observe also that

2m~1/2 (m) (m) (m) _p(m)
N_(]V——].) Z l(gl)l(gj)(nTwn )(nij ) h':cy (nTim 7nij )
1<i<j<N

L omm1/2 </ / dwdy) E[S1 - 83 hyy(S1,S2)] = 0

because

// dxdy—(/l dm)(/l dy) (27)

Moreover, we have

m=—1/2

and

m—1/2

N(T_—l) 1<ZJ:§N © )(n ) (nT(m), nT(m))

e m_zl/2 </Oll2(y) dy) < E[S2 hyy (S, S2)]

E[S? Ry (S1, S2) 4 S2 hyy (S1, S2)]
= Cov[h(S1,82), (S1 —m — 1)? + (Sy —m — 1)?].

his completes the proof. O

By combining Theorem 1 with Lemma, 5, we have the following.

Deorem 2. Under the close alternatives (21), in the limit as N — oo,

1<i<j<N

VN (N(N 5 > MaD) D) - ]E[h(Sl,Sg)]>

25 Ni(u(h), o (1)),
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where
m—1/2 1
p(h) = 5 </ 1%(u) du) - Cov[h(841,S2), (81 —m — 1)?
v}
+ (83 —m —1)3

g ( )_ 4(01 012)
= CO'U[ (51,32),h(51,83)]
» _ Cor’[h(S1,82), 51]

71z = VarlS1]
Proof. Put
VN | & N 3" h(nDGY,nDS)) — E[h(S1, S2)]
( 1<1<J<N
2 ], el
=vVN N =T " (T, nTw) — E[R(S1, S2)]
1<1<_7<N
2v/N (m) _ (m) (m) , mm(m)
—=—— Y [WnD;y,nDj)) — h(nTy  nTyn))]
N(N -1) 1<i<j<N g

25 Ni(u(h), o*(h)).

The convergence in distribution follows from Slutsky’s Theorem, where the
first term on the RHS converges to the N1(0,02(h)) distribution by Theo-
rem 1, and the second term converges in probability to (k) by Lemma 5.
This completes the proof. O

4, The Asymptotically Locally Most Powerful Test

Recall that u(g) and o?(g) denote the asymptotic mean and asymptotic
variance corresponding to the general test statistic

N

Z nD(m

Ic

under the sequence of close alternatives. Here it is assumed that Vi (g) has
been normalized to have asymptotic mean zero and finite variance under
the null hypothesis. The Pitman asymptotic relative efficiency (ARE) of
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Vn(g1) relative to Viv(g2) is given by

2(g1))?
(g)\* _ (52(.@1))-
Al 02) = <62(92)) - (“2(@))2' .
7?(g2)
The quantity
2
(o) = 45 (29)

is called the efficacy of the test Vy(g). A test with maximum efficacy is
the asymptotically locally most powerful (ALMP) test. In order to find
the ALMP test, for symmetric sum-functions of the higher-order spacings,
against the close alternatives, one needs to find a function g(-) which max-
imizes

m7 ( S du) Cov]g(S1), (S —m — 1)2]
2 {Var[g(S:)] — m~" - Cov’[g($1), Su]} "

(30)

As mentioned before, the importance of the generalized Greenwood
statistic is somewhat justified by the next two results, which were estab-
lished by Del Pino (1979). The generalized Greenwood statistic is the
ALMP test among the class of symmetric sum-functions of the higher-order
spacings.

Lemma 6. The functional e(g) is mazimized by taking g(t) = t2, which in

turn gives
1
maxe(g) = mTH </ 1%(u) du> .
0

Lemma 7. For symmetric sum-functions of the higher-order spacings, the
asymptotically locally most powerful (ALMP) test of the null hypothesis

against the sequence of close alternatives is to reject the null hypothesis
when

S (nDE)" > o), (31)

k=

—

Where the critical value C(a) is determined by the level of significance c.
The asymptotic distribution of this optimal statistic under the sequence of
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close alternatives (21) is given by

1 & 2
NZ;[(nD,E’Z’) —m(m+1)]
2 <m1/2(m+ 1) (/01 12(u) du> ,2m(m + 1)) .

The asymptotic distribution under the null hypothesis is obtained by taking
I(u) =0 in the above.

Recall that u(h) and 02(h) denote the asymptotic mean and asymptotic
variance corresponding to the general test statistic

2 m
3" AanD{,nD) (32)

Wi (h) = m 1<i<j<N o

under the sequence of close alternatives. It is assumed that Wy (h) has
been normalized to have asymptotic mean zero and finite variance under
the null hypothesis. The Pitman ARE of Wy (h;) relative to Wy (hg) is
given by

ARE(hy, h) = <

(Y’
> _Z ;(h») (33)
2(h2)

and the quantity

62(h) . .u'2(h) (34)

is the efficacy of the test Wi (h).

In order to find the ALMP test, for U-statistics of the higher-order spac-
ings, against the sequence of close alternatives, we need to find a function
h which maximizes the functional

m—1/2 ( S (w) du) - Cov[A(S1, Sa), (S1 —m — 1)2 + (S2 —m — 1)?]

4{Cov[h(S1, 52), h(S1, S3)] — m~1 - Cov2[h(Sh, Sa), S1]} 7
(35)

e(h) =

Lemma 8. The functional e(h) is mazimized by taking the symmetric func-
tion h(s1,s2) = (51 — 82)%, which in turn gives

masx e(h) = mT“ ( /0 ' du> (36)

which corresponds to that of the generalized Greenwood statistic.




2
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Proof. It is enough to find a function A which maximizes the numerator
in (35). By the Cauchy-Bunyakovsky—Schwarz Inequality, we have

e(h)

m—1/2 (fol 12 (u) du) - Cov[h(S1, Sa), (S1 — m — 1)2 + (Sz — m — 1)?]
1/2

4 {Cov[h(S1, S2), h(S1,S5)] — m~1 - Cov?[h(Sh, S2), S1]}

< m~/? (/01 12(u) du>

\/Var[h(Sl,Sz)] \/Vd.l‘l_(Sl —m — 1)2+ (52 - m — 1)21 .
4 {Cov[h(S,, 2), h(S1, 83)] — m~1 - Cov?[h(S1, S2), Su]} /2

(37)

The inequalities become equalities if and only if h(s1,s2) = a[(s1 — m —
1)2+(s2—m—1)2]+b, for some real numbers a # 0 and b. In this particular
case, the functional e(h) attains the upper bound in (37), i.e.

m~1/2 fol 2(u)du) a- Var[(S1 —m — 1)%2 + (Sa — m — 1)?]
maxe(h) = ( )

4y/a? - Var(S; —m —1)2 —m~1.a2. Cov?[(S; —m — 1)2, 8]
m=1/2. <f01 12(u) du) a-4-E[S?]
44/2m(m + 1)a?
—1/2 142
m~2m(m + 1) - (fo l (u)du)

V2m(m + 1)

= mT—H (_/Ol *(u) du) .

Qn the other hand, since Cov[$;Sz, (S1—m—1)2+(Se2—m—1)?] = 0, the
aximum of the functional e(h) is attained by taking h(sq,s2) = (51 —82)2,
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and directly from (35) we have
max e(h)
m1/2 ( f3 1P(u) du) - Cov[(Sy = $2)%, (S1 —m — 1)* + (S5 — m — 1)?]
4 {Cov[(51 — 82)%, (51 — S3)%] —m~! - Cov?[(S1 — S2)2, Sl]}:u2
m~1/2 (fo 1%(u) u) -2 E[S? + 57
44/2m(3 + m) — dm
4m'/%(m + 1) (fol 12(uw) du)
44/2m(m + 1)

(
Z\/@(/Olﬁ(u)du).

This completes the proof. |

By combining Theorem 2, and Lemma 8, we have the following.

Theorem 3. For U-statistics of the higher-order spacings, the asymptoti-
cally locally most powerful (ALMP) test of the null hypothesis against the
sequence of close alternatives is to reject the null hypothesis when

Z (an:z) - nDJ(-:?)2 > Cla) (38)
1<i<j<N

where the critical value C(a) is determined by the level of significance «.
The asymptotic distribution of this optimal statistic under the sequence of
close alternatives (21) is given by

2 (m) m)\ >
\/N W———l) ISZJ:SN (’I’LDim — nDjm ) — 2m

2 <2m1/2(m +1) </01 12 (u) du) ,8m(m + 1)) .

The asymptotic distribution under the null hypothesis is obtained by taking
l(u) =0 in the above.

From Theorem 3, under a sequence of close alternatives, the Gini mean
squared difference higher-order spacings test

_ 2 (m) _pm)\?
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is the ALMP test for U-statistics of the higher-order spacings. This also
means that Gy (2) is the best test among the generalized Gini mean differ-
ence higher-order spacings tests Gy (r), > 0. Moreover, by Lemma, 8, the
Gini mean squared difference higher-order spacings test has efficacy

(h) = mT“ (/01 2(w) du)z

which is the same as that of the generalized Greenwood statistic.

We compare the efficacies of the Gini mean squared difference higher-
order spacings test, and the Kullback-Leibler divergence higher-order spac-
ings test

\/—% S | (nDi)) 108 (D)) = - + 1)) (40)
k=1

which under the alternatives, has the asymptotic Normal distribution, with

asymptotic mean
1
</ 1%(u) du) (41)
0
and asymptotic variance

a%(g) = —m(m + 1)[m - 9*(m + 1) — 2m - ¢h(m + 1) - (m + 2)
+m -9 (m + 2) — ¢’ (m + 2)].

ml/2
w(g) = 5

Here, the function ¢(m) = 1;’((;1)) = E[log(51)] is the digamma function,
and its derivative

(oo}

W(m) = (m+n)~? = Var[log($))]

n=0
i8 the trigamma function. Some notable constants are
P(1) = —y = —0.57721 ... = E[log(Z,)]

Which is the negative of the Euler—Mascheroni constant, and ¢'(1) = 72/6.
It will be convenient to define the modified efficacy of a test as

e2()
() = %
(Jo 2(w) du)
SH€ table lists, for various values of m, the modified efficacies of the higher-

?_?‘iﬁr Gini mean squared difference test, the Kullback-Leibler divergence
Hsed on higher-order spacings, and the Pitman’s ARE of the Gini mean
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squared difference test relative to the Kullback-Leibler divergence. It is
seen that the Gini mean squared difference higher-order spacings test has
the most efficacy and is more Pitman efficient. As expected from earlier
literature, the efficacies of both tests increase with m for any finite m, but
the latter test catches up with the former with increasing m.

Table 1. Modified Efficacies for the Gini Mean Squared Difference
Higher-Order Spacings Test and the Kullback-Leibler Divergence
Higher-order Spacings Test with Pitman ARE.

m | Gini Mean Squared Difference | Kullback—Leibler | Pitman ARE
| 1.000 0.862461 1.344377
2 1.500 1.3528 1.229463
3 2.000 1.84786 1.171445
4 2.500 2.34489 1.136672
5 3.000 2.84292 1.113559
10 5.500 5.33849 1.061423
20 10.500 10.336 1.031986
30 15.500 15.3351 1.021622

5. Conclusion

We derived the general asymptotic theory for U-statistics based on higher-
order spacings and found the Asymptotically Locally Most Powerful test
in this class under a sequence of close alternatives. The results established
here extend those obtained in Tung and Jammalamadaka (2010) to the case
of higher-order spacings.
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